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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
Three dimensional, Mode I, Stress Intensity Factor (SIF) distributions for radial or coplanar crack arrays as well as ring cracks 
emanating from the inner surface of an autofrettaged spherical pressure vessel are evaluated. The 3-D analysis is performed via 
the finite element (FE) method employing singular elements along the crack front. A novel realistic autofrettage residual stress 
field incorporating the Bauschinger effect is appli d t  the v ssel. The residual stress fi ld is simulated in the FE analysis using 
an equiv ent t mperature field. Numerous radial and coplanar crack array configu ations ar  analyzed as well as ring cracks of 
various epths. SIFs distributions are evaluated for arrays of radial or coplanar cracks consisting of cracks f depth wall 
thickness ratios of   a/t=0.1-0.6, and llipticities of /c=0.2-1.0 prevailing in a fully utofrettaged spherical vessels, ε=100%, of 
different geometries R0/Ri=1.1, 1.2, and 1.7. SIFs are evaluated for radial arrays containing n=1-20 cracks, and for arrays of 
coplanar cracks of δ=0-0.95 densities. Furthermore, SIFs for inner ring cracks of various crack depth to wall thickness ratios of 
a/t=0.025-0.6 are also evaluated. In total, about three hundred different crack configurations are analyzed. A detailed study of the 
influence of the above parameters on the prevailing SIF is conducted. The results clearly demonstrate the favorable effect of 
autofrettage which may considerably reduce the prevailing effective stress intensity factor, thus delaying crack initiation and 
slowing down crack growth rate, and hence, substantially prolonging the total fatigue life of the vessel. Furthermore, the results 
emphasize the importance of properly accounting for the Bauschinger effect including re-yielding, as well as the significance of 
the three dimensional analysis herein performed. Furthermore, it is shown that in some cases the commonly accepted approach 
that the SIF for a ring crack of any given depth is the upper bound to the maximum SIF occurring in an array of coplanar cracks 
of the same depth is not universal. 
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1. Introduction 
       More than one hundred years ago, the process of autofrettage was suggested by Jacob of the French artillery 
Jacob (1907) for the purpose of increasing the allowable pressure in gun barrels, thus extending their firing range. 
Later, it was found that the autofrettage process has an additional substantial benefit in decreasing the vessel 
susceptibility to cracking, i.e., delaying crack initiation and slowing down crack growth rate, hence considerably 
increasing the total fatigue life of the barrel. Autofrettage has been further developed and has been widely used for 
cylindrical pressure vessels in a variety of industries for more than a century. 
 
 
Nomenclature 
a crack depth 
c crack half  length 
KI Mode I SIF 
KIRing Mode I SIF for a ring crack 
KImax maximum SIF along crack front 
KIA Mode I SIF due to autofrettage  
KIAmax     maximum SIF due to autofrettage along crack front 
KIN combined SIF 
KIP Mode I SIF due to internal pressure 
K0 normalizing SIF [eq. (1)] 
K00 normalizing SIF, 00 y iK R    
N number of fatigue cycles 
n number of cracks in the array  
Q shape factor for lunular or crescentic  crack [eq. (2)]  
P internal pressure 
Ri         inner radius of the spherical vessel 
Ro        outer radius of the spherical vessel 
r, θ, φ   spherical coordinates 
t spherical vessel's wall thickness 
β        angle defined in Fig. 1c 
θ        angle defined in Fig. 1c 
ε  level of autofrettage 
 Poisson's ratio 
δ crack density defined as δ=β/θ (see Fig. 1c).  
σy     initial yield stress 
ψ parametric angle for lunular and crescentic cracks  (Figs. 1e & 1f) 
ψ0   value of ψ at the cusp - the intersection of the crack front and the inner surface of the vessel  
 
Acronyms 
 
DOF Degrees of Freedom 
FEM Finite Element Method 
LEFM Linea Elastic Fracture Mechanics 
SIF Stress Intensity Factor      
 
 M. Perl, and M. Steiner / Structural Integrity Procedia 00 (2016) 000–000  3 
 
 
Spherical pressure vessels, though less common than cylindrical ones, are widely used in industry mainly due to 
their optimal specific strength (strength/weight) and their ease of packing. Spherical pressure vessels are used, for 
example, as propellant/oxidizer/pneumatic tanks on space-crafts and aircraft, storage tanks for pressurized chemical 
substances, gas tanks on LNG (liquefied natural gas) carriers, cookers for the food industry, and as containment 
structures in nuclear power plants. Moreover, whenever extremely high pressure occurs, such as in high explosion 
containment tanks or in the apparatus used to manufacture artificial diamonds and other crystals, spherical pressure 
vessels are practically the only feasible solution. 
Some of these spherical pressure vessels are manufactured from a series of double curved petals welded along 
their meridional lines Wang and Kun Dai (2000), and some are composed of two hemispheres manufactured by: 
press forming, direct machining, machining of forgings, or by spin-forming. The two hemispheres are joined 
together by conventional, TIG (Tungsten inert gas), or EB (electron beam) girth weld on the equatorial plane. Both 
types of these vessels are susceptible to cracking along the welds due to one or more of the following factors: cyclic 
pressurization-depressurization, the existence of a heat-affected zones near the welds, tensile residual stresses within 
this region, and the presence of corrosive agents. As a result, one or more radial (Fig. 1b) or coplanar cracks (Fig. 
1c) develop from the inner surface of the vessel on the respective welding planes. In certain cases the coplanar 
cracks on the equatorial plane coalesce becoming one inner ring crack (Fig. 1d). 
To date, autofrettage is rarely applied to spherical pressure vessels and the possible beneficial effect on such 
vessels has hardly been investigated. Perl and Berenshtein (2010, 2011, 2012) have evaluated, for the first time, a 
large number of 3-D SIFs due to internal pressure for arrays of radial and coplanar cracks of various lunular1, 
crescentic2 and ring shapes, prevailing at the inner surface spherical vessels of various geometries. Furthermore, Perl 
et al. Perl et al. (2015) recently evaluated numerous 3-D SIFs due to autofrettage for a single inner radial/coplanar 
crack in an overstrained spherical vessel. It is worthwhile noting that the little empirical evidence available to the 
authors at present, point to the fact that inner lunular/crescentic cracks develop in spherical pressure vessels, rather 
than in semi-elliptical ones. However, no experimental data is available to corroborate whether these crack 
geometries are maintained during crack growth.  
It is the purpose of the present analysis to examine and determine the beneficial influence of autofrettage in 
reducing the SIF for arrays of inner radial or coplanar cracks (lunular or crescentic), as well as for ring cracks 
prevailing is spherical pressure vessels. The 3-D analysis is performed by the FE method and a novel realistic 
residual stress field which incorporates the Bauschinger effect is embodied in the FE model, using an equivalent 
temperature field. 
 
The distributions along the crack front of KIA, the negative3  stress intensity factor due to autofrettage are 
evaluated for numerous radial and coplanar crack array configurations as well as ring cracks of various depths. SIFs 
distributions are evaluated for arrays of radial cracks and of coplanar cracks consisting of cracks of depth to wall 
thickness ratios of a/t=0.1-0.6, and crack ellipticities of a/c=0.2-1.0 prevailing in fully autofrettaged spherical 
vessels ε=100%, of different geometries R0/Ri=1.1, 1.2, and 1.7. SIFs are evaluated for arrays of radial cracks 
containing n=1-20 cracks, and for arrays of coplanar cracks of density of δ=0-0.95. Furthermore, SIFs for inner ring 
cracks of various crack depth to wall thickness ratios of a/t=0.025-0.6 are also evaluated. In total, about three 
hundred different crack configurations are analyzed. 
 
 
 
1   A lunular crack is defined as a planar, part-through crack, whose shape is enclosed by two circular arcs of different  
    radii, one concave and one convex, which intersect at two points, having an ellipticity of a/c=1 (Fig.1e). 
 
2   A Crescentic crack is defined as a planar, part-through crack whose shape is enclosed by two intersecting arcs, the  
    concave one which is elliptical, and the convex one which is circular, having an ellipticity of a/c≠1(Fig. 1f). 
  
3  It is only in the context of superposition of loads that a SIF can be considered negative  
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Fig. 1   The cracked spherical vessel: (a) coordinate system, a segment of the vessel containing (b) a radial crack array, (c) a coplanar crack array, 
(d) a ring crack, and (e) the parametric angle ψ defining the points on the crack fronts of a lunular and, (f) a slender crescentic crack. 
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2. Autofrettage model and it's simulation  
Although the process of autofrettage has been implemented in practice for more than a century the calculation of 
the residual stress field resulting from this process has been problematic. This is due to the fact that a realistic 
quantitative evaluation of the autofrettage residual stress field is highly dependent on the particular assumptions 
made regarding the material's elasto-plastic behavior, as well as on any other simplifications made to yield a more 
tractable problem. As the calculated residual stress field induced by the autofrettage process serves as an essential 
input to the stress analysis of the intact as well as the cracked vessels, its realistic evaluation has a paramount impact 
on the end results. 
The first attempt to evaluate the residual stress field due to autofrettage in a spherical pressure vessel was made 
by Hill (1950). In order to obtain an elegant analytical solution, Hill assumed an incompressible elasto-perfectly-
plastic material under plain strain conditions. As a result of these assumptions this approach overestimates the 
magnitude of the residual stress components. In recent years several attempts were made to improve the modeling of 
autofrettage in spherical pressure vessels by choosing more realistic material behaviors. Adibi-Asl and Livieri 
(2007) proposed an analytical approach employing several material laws that account for the Bauschinger effect, 
such as the bilinear and the modified Ramberg-Osgood material models. Lately, a further improvement was made by 
Parker and Huang (2007) who assumed a material with variable properties which incorporates the Bauschinger 
effect. They successfully applied a numerical procedure, previously applied to thick-walled cylinders, for modeling 
autofrettage in a spherical pressure vessel.  
The most recent solution was suggested by, Perl and Perry (2006) who evaluated the residual stress field in an 
autofrettaged spherical pressure vessel fully incorporating the Bauschinger effect, by adapting their previously 
proposed experimental-numerical model for solving autofrettage in a cylindrical pressure vessel Perl and Perry 
(2008). This model is presently one of the two most realistic models 4  that are completely based on the 
experimentally measured stress-strain curve under repeated reversed loading, which enables an accurate 
determination of the material behavior including the Bauschinger effect both in tension and in compression. 
This new model is presently evaluated for a typical pressure vessel steel AISI 4340. Fig. 2 represents the residual 
hoop (meridional) stress component distribution through the wall thickness of a fully autofrettaged (ε=100%) 
spherical vessels of radii ratio of Ro/Ri=1.1, 1.2, and 1.7. Hill’s solution for the same vessels is presented for 
comparison purposes. In terms of the beneficial effect of autofrettage, the stress distribution near the inner surface of 
the vessel should be examined. It is evidently clear that in this critical region the two solutions differ considerably. 
The largest difference between the two models occurs in the most sensitive zone, i.e., the inner portion of the 
sphere's wall. The realistic residual hoop stress at the bore is much smaller in absolute value than the one estimated 
by Hill's solution in vessels of Ro/Ri=1.1, 1.2, and 1.7 by about 34%, 31%, and 36% respectively. This difference is 
the result of the lower yield stress in compression than in tension due to Bauschinger effect captured only by the 
realistic model. Furthermore, upon unloading, removing the internal pressure in the autofrettage process, re-yielding 
may occur at its inner wall.   This effect becomes more accentuated as the vessel’s relative thickness increases. The 
above results point to the fact that using Hill’s “ideal” autofrettage residual stress field highly overestimates the 
beneficial effect of over-straining in terms of both the maximum allowable pressure in the vessel and its contribution 
to delaying crack initiation and slowing down crack growth rate. Therefore, in order to obtain realistic results, one 
needs to use a realistic autofrettage residual stress field. 
In the present work, the autofrettage residual stress field prevailing in a spherical pressure vessel is thus evaluated 
discretely applying Perl and Perry (2006) model. This residual stress field is embodied in the FE analysis using an 
equivalent temperature field that emulates it very accurately. The discrete values of the equivalent temperature field 
are calculated using the general algorithm developed by Perl (2008). A detailed description of obtaining the 
equivalent temperature field and its incorporation in the FE analysis is given in Perl (2008). For all the cases herein 
treated the residual stress field resulting from the equivalent temperature field was compared to the original residual 
stress field evaluated by the Perl and Perry (2006) model. In all the cases the two fields were found to be practically 
identical.  
 
 
4  The other model is that by Parker and Huang (2007). 
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sphere's wall. The realistic residual hoop stress at the bore is much smaller in absolute value than the one estimated 
by Hill's solution in vessels of Ro/Ri=1.1, 1.2, and 1.7 by about 34%, 31%, and 36% respectively. This difference is 
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to delaying crack initiation and slowing down crack growth rate. Therefore, in order to obtain realistic results, one 
needs to use a realistic autofrettage residual stress field. 
In the present work, the autofrettage residual stress field prevailing in a spherical pressure vessel is thus evaluated 
discretely applying Perl and Perry (2006) model. This residual stress field is embodied in the FE analysis using an 
equivalent temperature field that emulates it very accurately. The discrete values of the equivalent temperature field 
are calculated using the general algorithm developed by Perl (2008). A detailed description of obtaining the 
equivalent temperature field and its incorporation in the FE analysis is given in Perl (2008). For all the cases herein 
treated the residual stress field resulting from the equivalent temperature field was compared to the original residual 
stress field evaluated by the Perl and Perry (2006) model. In all the cases the two fields were found to be practically 
identical.  
 
 
4  The other model is that by Parker and Huang (2007). 
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Fig. 2. The distribution of the residual hoop stress through the wall thickness of 
fully autofrettaged spheres (ε=100%) of radii ratios Ro/Ri=1.1, 1.2, 1.7. 
 
 
3. Three dimensional analysis 
 
The three dimensional analysis of the cracked sphere is based on Linear Elastic Fracture Mechanics (LEFM). The 
pressure vessel is modeled as an elastic sphere of inner radius Ri, outer radius RO, and wall thickness t. Three 
different crack configurations are considered: 
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: 
1. A spherical vessel containing an array of n identical, inner, radial, lunular or crescentic cracks of length 2c 
and depth a (see Fig. 1). The cracks are on equally spaced meridional planes and are symmetric with 
respect to the equatorial plane as described in Fig. 1b.  
2. A spherical vessel containing an array of coplanar lunular or crescentic cracks of length 2c and depth a on 
the equatorial plane. All the cracks are identical, equi-spaced, and of density δ=β/θ (see Fig. 1c).   
3. A spherical vessel containing a single axisymmetric crack of constant depth a on the equatorial plane (see 
Fig. 1d). 
 
3.1 Finite element model 
 
Due to the various symmetries of the geometrical configurations of the three cases, only half a lune of the 
spherical vessel must be analyzed. In all three cases the equatorial plane φ=0˚ is a plane of symmetry (Fig 1b, 1c, 
and 1d). Two additional meridional planes of symmetry encompassing the half lune exist for each case: For an array 
of radial or coplanar cracks these are the planes,  = 0˚, and =180/n˚ (Fig. 1b and 1c); and in the case of a single 
ring crack any two meridional planes are symmetry planes (Fig. 1d). The autofrettage residual stress field is induced 
in the FE model by the equivalent temperature field. 
The model is solved using the commercial ANSYS 14.0 FE code (2011). To accommodate the singular stress 
field in the vicinity of the crack front, this area is covered with a layer of 20-node isoparametric brick elements 
collapsed to wedges, forming singular elements at the crack front Barsom (1976). On top of this layer, at least four 
additional layers, consisting of 20-node isoparametric brick elements are meshed. The rest of the model is meshed 
with both brick and 10-node tetrahedron elements. Near the crack front, the elements are chosen to be small, and 
their size is gradually increased when moving away from it. A more detailed description of the finite element model 
as well as of typical meshes is given in Perl and Berenshtein (2011, 2012) and Perl et al. (2015). For lunular and 
crescentic cracks, SIFs are calculated at discrete points equally spaced along the crack front. For very slender cracks 
a/c=0.2, SIFs are calculated at 140 points along half of the crack front. For cracks of a/c=0.4, 75 points are used, and 
for cracks of a/c ≥ 0.6, SIFs are calculated at 55 points along half of the crack front. 
 
3.2 Validation of the model 
 
To the best of the authors’ knowledge presently, there are no available solutions for KIA, the stress intensity factor 
due to autofrettage, for any of the crack configurations herein treated. Therefore, the model is validated by two 
different procedures: Convergence tests of the SIF as a function of the number of degrees of freedom (DOF) in the 
model, and comparison between two independent methods for evaluating the SIF- J-integral, Rice (1968), and the 
displacement extrapolation procedure. 
Fig. 3 represents a typical convergence test. In this case, the convergence criterion is chosen to be the value of the 
SIF at the crack’s deepest point ψ= 90°. The results clearly indicate that as the number of DOF increases, the SIF 
converges to a practically constant value. 
In order to further validate the model, a second approach is used: KIA is evaluated by the J-integral along four 
paths at different distances from the crack tip and the results are compared to KIA independently obtained by the 
crack-face displacement extrapolation procedure for all the points along the crack front. Fig. 4 represents the SIFs 
calculated by the two methods for a typical case. The results obtained by the two methods are practically identical 
except for a small discrepancy of less that 3% that occurs near the inner wall of the sphere as can be expected. The 
results also indicate that the SIF obtained by the J-integral converges as the integration path becomes closer to the 
crack tip Omer and Yosibash (2005). The maximum difference between the SIFs obtained using different integration 
paths is less than 1% for shallow cracks and up to 3% for deeper ones. For very deep cracks a comparison only 
between J-integral along the smallest path and the SIF determined by displacement extrapolation is made, yielding 
differences of less than 3%. 
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Fig. 3. KIA/K0 at ψ=0° as a function of the number of degrees of freedom for a crack of a/t=0.2, a/c=0.6 in a spherical vessel of R0/Ri=1.7 
 
 
 
Fig. 4. KIA/K0 vs. ψ evaluated by J integral and displacement extrapolation for  a crack of a/t=0.1, a/c=1.0 prevailing in a spherical vessel of 
R0/Ri=1.7. 
 
 
4. Results and discussion 
 
The SIF distributions are presented separately for each of the crack configurations i.e., arrays of radial cracks, 
arrays of coplanar cracks, and ring cracks. All the SIFs are normalized with respect to K0 given by: 
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Where σy is the initial yield stress of the material, and Q is the shape factor for an elliptical crack (see Raju and 
Newman (1980)). Q  is given by the square of a complete elliptic integral of the second kind and is commonly 
approximated (see Newman and Raju (1979) and Raju and Newman (1980)) by : 
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In order to determine the maximum beneficial influence of overstraining on the prevailing SIF, only a fully 
autofrettaged spherical vessel, ε=100%,  is considered in all cases of radial and coplanar crack arrays as well as in 
the case of ring cracks.  
Due to the symmetry of the radial and the coplanar problems (Figs 1b and 1c), the distribution of KIA as a 
function of the parametric angle ψ is given only in the range of ψ=ψ0-90° (Figs. 1e-1f). It is worthwhile noting that 
the value of ψ0 is negative and varies from case to case, depending on the particular geometry of the crack and the 
spherical vessel. 
 
4.1 Radial crack arrays 
 
SIFs distributions for inner radial, lunular or crescentic crack arrays, containing n=1, 2, 4, 8, 10, 16, and 20 
cracks, with crack-depth to wall-thickness ratios of a/t=0.1, 0.2, 0.4, and 0.6, ellipticities of a/c=0.2, 0.6, and 1.0, 
prevailing in thin and thick fully autofrettaged spherical vessels, ε=100%, with R0/Ri=1.1, 1.2, and 1.7 are 
evaluated5.  
 
4.1.1 Influence of the number of cracks in the array on KIA/K0 in vessels of various R0/Ri   
 
The influence of the number of cracks in the array is highly dependent on the magnitude of the residual stress 
field. As only fully autofrettaged vessels are presently considered, the magnitude of the residual stresses solely 
depends on the spherical vessel's relative thickness R0/Ri, i.e., the thicker the vessel, the higher the magnitude of the 
residual field is. 
The variation of the normalized SIF KIA/K0 as a function of the parametric angle ψ along the fronts of various 
crescentic radial crack arrays containing n=1-20 cracks of ellipticity a/c=0.6, and of relative depth of a/t=0.6, 
prevailing in three fully autofrettaged spherical vessels of R0/Ri=1.1, 1.2, and 1.7 is presented in Figs. 5, 6 and 7 
respectively. 
From Figs. 5, 6 and 7 it is clear that the number of cracks in the array as well as the vessel's relative thickness do 
not affect the pattern of  KIA/K0 distribution along the crack front. In most cases, as the number of cracks in the array 
increases, the SIF along the entire crack front decreases. In the case of the relatively thin vessel, R0/Ri=1.1, the 
influence of the number of cracks is very small, i.e., KIAmax, the maximum SIF along crack front, for an array of n=20 
cracks is only ~6% lower than that for a single crack. As the vessel becomes thicker, R0/Ri=1.2, KIAmax for an array of 
n=20 cracks is lower by ~15% than that for a single crack. In the case of the thickest vessel, R0/Ri=1.7, the critical 
crack configuration contains four cracks6, though its KIAmax value is only slightly higher than that of a single crack. 
In this case the SIF for n=20 cracks is ~44% lower than that of n=4 cracks. 
 
 
5  Due to lack of interest in certain cases, not all possible combinations of these parameters are solved. 
6  The fact that for certain crack array configurations the critical crack array may contain more than  
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Fig. 5. KIA/K0 vs. ψ along the fronts of crescentic radial cracks in arrays of n=1-20 cracks in a vessel of R0/Ri=1.1 (ε=100%, a/c=0.6, a/t=0.6). 
 
 
 
Fig. 6. KIA/K0 vs. ψ along the fronts of crescentic radial cracks in arrays of n=1-20 cracks in a vessel of R0/Ri=1.2 (ε=100%, a/c=0.6, a/t=0.6)
                                                                                                                                                                                           
 
    one and up to eight cracks is well known (see for example [4]). 
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Fig. 7. KIA/K0 vs. ψ along the fronts of crescentic radial cracks in arrays of n=1-20 cracks in a vessel of R0/Ri=1.7  (ε=100%, a/c=0.6, a/t=0.6) 
  
4.1.2 Influence of crack relative depth a/t  
 
The first example of the influence of the crack's relative depth on the SIF is given in Figs. 8 and 6, where the 
variation of the normalized SIF KIA/K0 as a function of the parametric angle ψ along the fronts of various crescentic 
radial crack arrays containing n=1-20 cracks of relative depths of a/t=0.4 and 0.6, of ellipticity a/c=0.6, prevailing in 
a fully autofrettaged spherical vessels of R0/Ri=1.2 is presented.  As in the previous cases, as the number of cracks in 
the array increases, the SIF along the entire crack front decreases. However, the reduction in KIAmax is smaller for 
shallower cracks. While in the case of the deeper crack a/t=0.6, KIAmax for an array of n=20 cracks is lower by ~15% 
than that for a single crack in the case of the shallower crack, a/t=0.4, this reduction is only about ~9%. It is 
worthwhile noting that for even shallower cracks a/t≤0.2 the reduction is negligible. In the case of a thinner vessel of 
R0/Ri=1.1, the reduction in the SIF occurs only for cracks deeper than a/t≥0.4. 
 
 
 
Fig. 8 KIA/K0 vs. ψ along the fronts of crescentic radial cracks of relative depth of a/t=0.4 in arrays of n=1-20 cracks (R0/Ri=1.1, ε=100%, a/c=0.6) 
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Fig. 9. KIA/K0 vs. ψ along the fronts of crescentic radial cracks of relative depth of a/t=0.1 pertaining to arrays of n=1-20 cracks in a thick 
spherical vessel of R0/Ri=1.7 (a/c=0.6, ε=100%). 
 
As the vessel becomes thicker the influence of the number of cracks in the array becomes larger and more 
noticeable for shallower cracks. In the case of the thickest fully autofrettaged spherical vessel, R0/Ri=1.7, the 
variation of the normalized SIF KIA/K0 as a function of the parametric angle ψ along the fronts of various crescentic 
radial crack arrays containing n=1-20 cracks of relative depths of a/t=0.1, 0.4, and 0.6, and of ellipticity a/c=0.6, is 
presented in Figs. 9, 10, and 7 respectively. In the case of the shallowest crack a/t=0.1 (Fig. 9) the presence of up to 
n=8 cracks in the array practically doesn't affect the value of KIAmax which occurs in this case at the deepest point of 
the crack ψ= 90°. As the number of cracks in the array further decreases, KIAmax decreases by up to ~7% for n=20.  
As the crack becomes deeper a/t=0.4 (Fig. 10), the influence of the number of cracks in the array becomes more 
pronounced as KIAmax shifts to the cusp ψ=ψ0. In this case the critical configuration contains four cracks in the array, 
however KIAmax for n=4 is only ~3% higher than that for n=1 and 2 cracks. As the number of cracks increases, there 
is a considerable reduction in KIAmax. In the case of n=20 cracks is KIAmax is ~36% lower with respect to the critical 
case of n=4 cracks. When the crack reaches a depth of a/t=0.6 (Fig. 7), the influence on the number of crack in the 
array further increases and KIAmax for an array of n=20 cracks is ~44% lower with respect to the critical case of n=4 
cracks. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 10. KIA/K0 vs. ψ along the fronts of crescentic radial cracks of relative depth of a/t=0.4 pertaining to arrays of n=1-20 cracks in a thick 
spherical vessel of R0/Ri=1.7 (a/c=0.6, ε=100%). 
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that while for large ellipticities  the influence of the number of cracks in the array is almost even along the whole 
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Fig. 12. KIA/K0 vs. ψ along the fronts of lunular radial cracks of ellipticity a/c=1.0 in arrays of n=1-20 cracks (a/c=0.6, R0/Ri=1.2, ε=100%). 
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Fig. 7. KIA/K0 vs. ψ along the fronts of crescentic radial cracks in arrays of n=1-20 cracks in a vessel of R0/Ri=1.7  (ε=100%, a/c=0.6, a/t=0.6) 
  
4.1.2 Influence of crack relative depth a/t  
 
The first example of the influence of the crack's relative depth on the SIF is given in Figs. 8 and 6, where the 
variation of the normalized SIF KIA/K0 as a function of the parametric angle ψ along the fronts of various crescentic 
radial crack arrays containing n=1-20 cracks of relative depths of a/t=0.4 and 0.6, of ellipticity a/c=0.6, prevailing in 
a fully autofrettaged spherical vessels of R0/Ri=1.2 is presented.  As in the previous cases, as the number of cracks in 
the array increases, the SIF along the entire crack front decreases. However, the reduction in KIAmax is smaller for 
shallower cracks. While in the case of the deeper crack a/t=0.6, KIAmax for an array of n=20 cracks is lower by ~15% 
than that for a single crack in the case of the shallower crack, a/t=0.4, this reduction is only about ~9%. It is 
worthwhile noting that for even shallower cracks a/t≤0.2 the reduction is negligible. In the case of a thinner vessel of 
R0/Ri=1.1, the reduction in the SIF occurs only for cracks deeper than a/t≥0.4. 
 
 
 
Fig. 8 KIA/K0 vs. ψ along the fronts of crescentic radial cracks of relative depth of a/t=0.4 in arrays of n=1-20 cracks (R0/Ri=1.1, ε=100%, a/c=0.6) 
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Fig. 9. KIA/K0 vs. ψ along the fronts of crescentic radial cracks of relative depth of a/t=0.1 pertaining to arrays of n=1-20 cracks in a thick 
spherical vessel of R0/Ri=1.7 (a/c=0.6, ε=100%). 
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Fig. 13. KIA/K0 vs. ψ along the fronts of lunular radial cracks of ellipticity a/c=1.0 in arrays of n=1-20 cracks (a/c=0.6, R0/Ri=1.7, ε=100%). 
In thicker vessels the influence of crack ellipticity is similar i.e., as a/c increases the effect of the number of 
cracks in the array on the SIF becomes weaker.  The distribution of the normalized SIF KIA/K0 as a function of the 
parametric angle ψ along the fronts of cracks of ellipticities, a/c=0.6, and 1.0, and of a relative depth of a/t=0.4 in a 
fully autofrettaged spherical vessel of R0/Ri=1.7 is presented in Figs. 10 and 13 respectively. When crack ellipticity 
is a/c=0.6 (Fig. 10) KIAmax for an array of n=20 cracks is ~36% lower with respect to the critical configuration, that in 
this case consists of an array of four cracks. As the crack becomes circular to a/c=1.0, the reduction in KIAmax is only 
~31%. 
4.1.4 Radial crack arrays - concluding remarks  
 
A few general conclusions regarding radial crack arrays emanating from the inner surface of an autofrettaged 
spherical vessel can be drawn from the above analysis: 
 
1. As the number of cracks in the array increases, the SIF due to autofrettage decreases along  
the entire crack front as a result of crack interaction. This interaction onsets for arrays containing n≥10 
cracks, of depths of a/t≥0.4, 0.2, and 0.1 for vessels of relative thickness R0/Ri=1.1, 1.2 and 1.7 
respectively. Crack interaction decreases with an increase in a/c of the crack. 
 
2. For most crack array configurations KIAmax is practically identical for arrays of n≤8 cracks. Thus a single 
crack can be considered as the critical case.  Only in radial arrays of very deep cracks, a/t≥0.4, prevailing in 
a thick vessel, R0/Ri=1.7, the critical crack configuration consists of n=4 cracks. However, KIAmax for this 
configuration is only slightly higher than that for arrays of n=1, and 2 cracks. 
 
3. The presence of multiple radial cracks in a spherical pressure vessel may considerably reduce KIAmax and its 
beneficial effect in reducing the effective SIF.  
 
4. In radial crack arrays crack interaction becomes weaker as the crack's a/c increases. 
 
 
4.2 Coplanar crack arrays 
 
Coplanar crack arrays tend to develop on the equatorial plane in spherical pressure vessels made of two 
hemispheres joined by some kind of a girth weld (Fig. 1c). The main purpose of this section is to evaluate the 
influence of crack density in a coplanar crack array on the SIFs due to autofrettage. Crack density is defined as the 
ratio between two angles δ=β/θ described in Fig. 1c. As a coplanar crack array must consist of an integer number of 
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cracks, only discreet crack density values can be attained. As a result, only comparisons between cases of highly 
similar, but not necessarily identical crack densities can be performed. 
SIFs distributions of KIA/K0 along the fronts of inner coplanar, lunular or crescentic crack arrays of approximate 
densities of δ≈0.6, 0.8, and 0.9, with crack-depth to wall-thickness ratios of a/t=0.1, 0.2, 0.4, and 0.6, and 
ellipticities of a/c=0.2, 0.6, and 1.0, prevailing in a fully autofrettaged spherical vessel, ε=100%, with R0/Ri=1.2, and 
1.7 are evaluated7. Furthermore, the results for a single crack which can be considered of density δ→0 are added. 
 
4.2.1 Influence of crack density δ 
 
     The distribution of the normalized SIF KIA/K0 as a function of ψ along the fronts of crescentic coplanar crack 
arrays of approximate densities of δ=0, 0.6, 0.8, and 0.9, of crack relative depths of a/t=0.1, and 0.4, crack ellipticity 
of a/c=0.6, in a fully autofrettaged spherical vessel of R0/Ri=1.2 is presented in Figs 14 and 15 respectively. The 
major phenomenon exhibited in these figures is the fact that as crack density increases the values of KIA/K0 along the 
entire crack front increase as well including KIAmax. In the case of the shallow crack (Fig. 14),the relative increase is 
the largest close to the crack cusp ψ=ψ0, ~16%, and becomes more moderate towards the deepest point of the crack 
ψ= 90°, ~6%. Hence, KIAmax, that occurs in this case at the ψ= 90° is only moderately increased. As crack depth 
increases, a/t=0.4 (Fig. 15) the influence of crack density is amplified reaching an increase of ~28% near the crack 
cusp, and ~22% at ψ= 90°. In this case KIAmax is substantially increased as it prevails in the cusp vicinity. 
 
 
Fig. 14. KIA/K0 vs. ψ along the fronts of crescentic coplanar crack arrays of  densities of δ=0, 0.6, 0.8, and 0.9 (a/t=0.1, a/c=0.6, R0/Ri=1.2, ε=100%). 
 
  
 
 
7   Due to lack of interest in certain cases, not all possible combinations of these parameters are solved. 
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parametric angle ψ along the fronts of cracks of ellipticities, a/c=0.6, and 1.0, and of a relative depth of a/t=0.4 in a 
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is a/c=0.6 (Fig. 10) KIAmax for an array of n=20 cracks is ~36% lower with respect to the critical configuration, that in 
this case consists of an array of four cracks. As the crack becomes circular to a/c=1.0, the reduction in KIAmax is only 
~31%. 
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spherical vessel can be drawn from the above analysis: 
 
1. As the number of cracks in the array increases, the SIF due to autofrettage decreases along  
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cracks, only discreet crack density values can be attained. As a result, only comparisons between cases of highly 
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entire crack front increase as well including KIAmax. In the case of the shallow crack (Fig. 14),the relative increase is 
the largest close to the crack cusp ψ=ψ0, ~16%, and becomes more moderate towards the deepest point of the crack 
ψ= 90°, ~6%. Hence, KIAmax, that occurs in this case at the ψ= 90° is only moderately increased. As crack depth 
increases, a/t=0.4 (Fig. 15) the influence of crack density is amplified reaching an increase of ~28% near the crack 
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Fig. 14. KIA/K0 vs. ψ along the fronts of crescentic coplanar crack arrays of  densities of δ=0, 0.6, 0.8, and 0.9 (a/t=0.1, a/c=0.6, R0/Ri=1.2, ε=100%). 
 
  
 
 
7   Due to lack of interest in certain cases, not all possible combinations of these parameters are solved. 
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Fig. 15. KIA/K0 vs. ψ along the fronts of crescentic coplanar crack arrays of densities of δ=0, 0.59, 0.8, and 0.89                                              
(a/t=0.4, a/c=0.6, R0/Ri=1.2, ε=100%). 
 
The influence of crack density in the case of thick vessels is similar. Fig. 16 represents the same crack 
configuration as in Fig. 14 for a thick vessel of R0/Ri=1.7. The increase at both the cusp and the deepest point of the 
crack are practically identical, i.e., ~16%, and ~6% respectively. However, in the case of the thick sphere R0/Ri=1.7 
for the high crack densities of δ=0.81 and 0.89, KIAmax shifts to the cusp, and thus for δ=0.89 it is increased by ~12%, 
while in a thinner vessel R0/Ri=1.2 (Fig. 14) KIAmax is only increased by ~6%. 
 
 
  
 
Fig. 16. KIA/K0 vs. ψ along the fronts of crescentic coplanar crack arrays of densities of δ=0, 0.59, 0.81, and 0.89                                             
(a/t=0.1, a/c=0.6, R0/Ri=1.7, ε=100%). 
 
4.2.2 Influence of crack ellipticity a/c  
 
Figs. 17, 14, and 18 depict the influence of crack ellipticity on KIA/K0 distributions for coplanar crack arrays of 
various ellipticities a/c=0.2, 0.6, and 1.0, of crack depth a/t=0.1, and of different densities prevailing in a fully 
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autofrettaged spherical vessel of R0/Ri=1.2. As a/c increases, the interaction between cracks increases as well. KIAmax 
in the case of crack density δ≈0.9, is ~3%, ~6%, and ~24% higher relative to its value for δ=0, for crack ellipticities 
of a/c=0.2, 0.6, and 1.0 respectively.  
 
 
Fig. 17. KIA/K0 vs. ψ along the fronts of crescentic coplanar crack arrays of ellipticity a/c=0.2, and densities of δ=0, 0.6, 0.79, 0.89, and 0.95 
(a/t=0.1, R0/Ri=1.2, ε=100%). 
 
 
Fig. 18. KIA/K0 vs. ψ along the fronts of lunular coplanar crack arrays of ellipticity a/c=1.0, and densities of δ=0, 0.6, 0.8, and 0.9                       
(a/t=0.1, R0/Ri=1.2, ε=100%). 
 
 
The substantially larger change in KIAmax  in the case of the lunular crack also results from the fact that in this case 
KIAmax occurs around ψ≈0°. Moreover, even in a slender crescentic crack array, a/c=0.2, of higher density, δ=0.95 
(Fig. 17), the increase in KIAmax is still only ~4%, lower than the increases in the cases of a/c=0.6, and 1.0, for the 
lower crack density of δ≈0.90. It is worthwhile noting that in the case of a very slender crescentic crack a/c=0.2, the 
influence of the cusp is so strong that KIAmax shifts to ψ=ψ0 unlike in the cases with a higher a/c=0.6, and 1.0, where 
it occurs at the deepest point of the crack, and in the vicinity of ψ≈0° respectively. 
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autofrettaged spherical vessel of R0/Ri=1.2. As a/c increases, the interaction between cracks increases as well. KIAmax 
in the case of crack density δ≈0.9, is ~3%, ~6%, and ~24% higher relative to its value for δ=0, for crack ellipticities 
of a/c=0.2, 0.6, and 1.0 respectively.  
 
 
Fig. 17. KIA/K0 vs. ψ along the fronts of crescentic coplanar crack arrays of ellipticity a/c=0.2, and densities of δ=0, 0.6, 0.79, 0.89, and 0.95 
(a/t=0.1, R0/Ri=1.2, ε=100%). 
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The substantially larger change in KIAmax  in the case of the lunular crack also results from the fact that in this case 
KIAmax occurs around ψ≈0°. Moreover, even in a slender crescentic crack array, a/c=0.2, of higher density, δ=0.95 
(Fig. 17), the increase in KIAmax is still only ~4%, lower than the increases in the cases of a/c=0.6, and 1.0, for the 
lower crack density of δ≈0.90. It is worthwhile noting that in the case of a very slender crescentic crack a/c=0.2, the 
influence of the cusp is so strong that KIAmax shifts to ψ=ψ0 unlike in the cases with a higher a/c=0.6, and 1.0, where 
it occurs at the deepest point of the crack, and in the vicinity of ψ≈0° respectively. 
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The effect of crack density in a thick vessel is similar to that in thinner ones. Fig. 19 represents the same crack 
configuration as Fig. 18, but in a thicker vessel of R0/Ri=1.7. In this case, the increase in KIAmax is ~22%, similar to 
the ~24%, for the thinner vessel R0/Ri=1.2 (Fig. 18).  
 
 
 
Fig. 19. KIA/K0 vs. ψ along the fronts of lunular coplanar crack arrays of ellipticity a/c=1.0, and densities of δ=0, 0.6, 0.8, and 0.89                
(a/t=0.1, R0/Ri=1.7, ε=100%). 
 
 
4.2.3 Coplanar crack arrays - concluding remarks 
 
Two general conclusions can be drawn from the above analysis regarding coplanar crack arrays emanating from 
the inner surface of an autofrettaged spherical vessel: 
 
1. As crack density in the array increases, the absolute value of the SIF due to autofrettage increases along the 
entire crack front as a result of crack interaction. This increase is larger for deeper cracks and more 
accentuated in the vicinity of the vessel's inner surface. However, the relative thickness of the vessel hardly 
has any influence on this increase. 
 
2. As a/c decreases, crack interaction becomes weaker.  
 
 
 
4.3 Ring cracks 
 
Spherical pressure vessel which are made of two hemispheres joined together by a girth weld on the equatorial 
plane are susceptible to multiple coplanar cracking on the weld plane. In certain cases the coplanar cracks coalesce 
to become an axisymmetric inner ring crack on the equatorial plane. Fig. 20 depicts the normalized SIFs, KIARing /K0 8 
, for various relative crack depths, a/t=0.025, 0.05, 0.1, 0.2, 0.4, and 0.6, prevailing in three spherical vessels of 
relative thickness R0/Ri=1.1, 1.2, and 1.7. The magnitude of the residual stress field increases with vessel thickness, 
 
 
8 In the case of a ring crack a/c→0, and thus in equation (2) Q=1 and the normalizing SIF becomes �� � ���√��. 
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and thus KIARing /K0 values become higher as R0/Ri increases. On the other hand, the weakening residual stress field 
through the vessel's wall results in a reduction in KIARing /K0, as cracks become deeper.  
 
  
 
 
Fig. 20. RingIAK /K0  for ring cracks of relative crack depths of a/t=0.025, 0.05, 0.1, 0.2, 0.4, and 0.6, prevailing in three spherical vessels of relative 
thickness R0/Ri=1.1, 1.2, and 1.7. 
 
It is commonly accepted that in a spherical pressure vessel the SIF for a ring crack, of any given depth, can be 
used as an upper bound to the maximum SIF KIAmax occurring in an array of coplanar cracks of the same depth. This 
assumption was critically examined for the SIF due to internal pressure Perl and Berenshtein (2012) and was found 
not to be always the case. In order to enable such a comparison for SIFs due to autofrettage, the original results for 
both ring cracks and coplanar crack arrays are re-normalized to a common normalizing factor�� � � ���√��. Figs 21 and 22 represent the SIFs due to autofrettage for coplanar crack arrays of relative crack depth of a/t=0.1 
and 0.2 respectively, ellipticity a/c=0.2, and of two extreme densities9 of δ=0 and 0.95 prevailing in a vessel of 
R0/Ri=1.2 . The SIF for the corresponding ring crack is also depicted in these figures. From these two typical cases 
and many other results which are not presented, it is evidently clear that the SIF for a ring crack KIARing is not always 
larger than KIAmax for coplanar crack arrays. The same occurs also in the case of the SIFs due to internal pressure 
Perl and Berenshtein (2012). 
 
 
9  All the intermediate densities have been omitted for the purpose of clarity. 
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The effect of crack density in a thick vessel is similar to that in thinner ones. Fig. 19 represents the same crack 
configuration as Fig. 18, but in a thicker vessel of R0/Ri=1.7. In this case, the increase in KIAmax is ~22%, similar to 
the ~24%, for the thinner vessel R0/Ri=1.2 (Fig. 18).  
 
 
 
Fig. 19. KIA/K0 vs. ψ along the fronts of lunular coplanar crack arrays of ellipticity a/c=1.0, and densities of δ=0, 0.6, 0.8, and 0.89                
(a/t=0.1, R0/Ri=1.7, ε=100%). 
 
 
4.2.3 Coplanar crack arrays - concluding remarks 
 
Two general conclusions can be drawn from the above analysis regarding coplanar crack arrays emanating from 
the inner surface of an autofrettaged spherical vessel: 
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8 In the case of a ring crack a/c→0, and thus in equation (2) Q=1 and the normalizing SIF becomes �� � ���√��. 
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and thus KIARing /K0 values become higher as R0/Ri increases. On the other hand, the weakening residual stress field 
through the vessel's wall results in a reduction in KIARing /K0, as cracks become deeper.  
 
  
 
 
Fig. 20. RingIAK /K0  for ring cracks of relative crack depths of a/t=0.025, 0.05, 0.1, 0.2, 0.4, and 0.6, prevailing in three spherical vessels of relative 
thickness R0/Ri=1.1, 1.2, and 1.7. 
 
It is commonly accepted that in a spherical pressure vessel the SIF for a ring crack, of any given depth, can be 
used as an upper bound to the maximum SIF KIAmax occurring in an array of coplanar cracks of the same depth. This 
assumption was critically examined for the SIF due to internal pressure Perl and Berenshtein (2012) and was found 
not to be always the case. In order to enable such a comparison for SIFs due to autofrettage, the original results for 
both ring cracks and coplanar crack arrays are re-normalized to a common normalizing factor�� � � ���√��. Figs 21 and 22 represent the SIFs due to autofrettage for coplanar crack arrays of relative crack depth of a/t=0.1 
and 0.2 respectively, ellipticity a/c=0.2, and of two extreme densities9 of δ=0 and 0.95 prevailing in a vessel of 
R0/Ri=1.2 . The SIF for the corresponding ring crack is also depicted in these figures. From these two typical cases 
and many other results which are not presented, it is evidently clear that the SIF for a ring crack KIARing is not always 
larger than KIAmax for coplanar crack arrays. The same occurs also in the case of the SIFs due to internal pressure 
Perl and Berenshtein (2012). 
 
 
9  All the intermediate densities have been omitted for the purpose of clarity. 
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Fig. 21. The variation of KIA /K00 along the fronts of inner slender crescentic coplanar cracks (R0/Ri=1.2, a/t=0.1, a/c=0.2, δ=0 and 0.95), 
and 00/RingIAK K  for the corresponding ring crack. 
 
Fig. 22. The variation of KIA /K00 along the fronts of inner slender crescentic coplanar cracks (R0/Ri=1.2, a/t=0.2, a/c=0.2, δ=0 and 0.95), 
and 00/RingIAK K  for the corresponding ring crack. 
In all the cases here in studied the SIF for a ring crack of any given depth was found to be the upper bound to the 
SIF at the deepest point, ψ=90°, of  a lunular or crescentic surface crack occurring in an array of coplanar cracks, of 
the same depth. However, in some cases like the one for δ=0.95 in Fig. 22, the SIF of lunular or crescentic cracks in 
a coplanar crack array may become very large when two adjacent cracks become very close and the net ligament 
between the crack fronts becomes very small. This effect might suggest that under such circumstances this array of 
cracks will tend to coalesce into one ring crack during fatigue. Thus, in some cases the commonly accepted 
approach that the SIF for a ring crack of any given depth is the upper bound to the maximum SIF occurring in an 
array of coplanar cracks, of the same depth, is not universal.  
 
 
4.3.1 Ring cracks - concluding remarks 
 
Two general conclusions can be drawn from the above analysis regarding ring cracks emanating from the inner 
surface of an autofrettaged spherical vessel: 
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1. The absolute value of the stress intensity factor for ring cracks due to autofrettage increases with the 
vessel's relative thickness and decreases with crack depth. 
 
2. The commonly accepted approach that the SIF for a ring crack of any given depth is the upper bound to the 
maximum SIF occurring in an array of coplanar cracks, of the same depth, is not universal.  
 
 
5. Concluding remarks 
 
The interaction effects between cracks, in numerous configurations of radial and coplanar crack arrays consisting 
of lunular or crescentic, internal, surface cracks in spherical pressure vessel of various thicknesses were studied. The 
influence of the number of cracks in a radial crack array, and crack density in a coplanar crack array, as well as the 
effects of crack ellipticity, crack depth, and the spherical vessel's geometry on the prevailing three-dimensional SIFs 
was determined. 
 The variation of KIA/K0 along the crack fronts of lunular and crescentic coplanar cracks of a given ellipticity 
a/c, is similar to their radial counterpart. However, in coplanar crack arrays as the number of cracks increases their 
density δ increases and the relative SIF - KIA/K0 increases as well, unlike in the case of radial crack arrays where an 
increase in the number of cracks in the array results in a decrease in KIA/K0. 
The large variation of the SIF along the crack front in many of the cases herein considered might suggest that 
during fatigue crack growth these cracks might “self adjust”, creating crack geometry with a more even SIF 
distribution along its front, a well documented phenomenon occurring with radial semi-elliptical cracks in 
cylindrical pressure vessels. 
 The commonly accepted approach that the SIF for a ring crack of any given depth is the upper bound to the 
maximum SIF occurring in an array of coplanar cracks, of the same depth, is not universal, and it is valid only in 
certain particular case depending on the crack and vessel geometries. 
 In order to quantify the beneficial effect of autofrettage on the fracture endurance and the total fatigue life 
of a spherical pressure vessel one has to evaluate first the distribution of the combined stress intensity factor due to 
both pressure and autofrettage KIN=KIP+KIA, and to determine its maximum value KINmax along the crack front. The 
ratio KINmax / KIPmax determines the beneficial effect of autofrettage on the maximal allowable pressure in a spherical 
pressure vessel. Furthermore, the instantaneous reduction in crack growth rate during fatigue is also directly 
proportional to the this ratio. These analyses are presently underway by the authors and will be published in the near 
future.   
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Fig. 21. The variation of KIA /K00 along the fronts of inner slender crescentic coplanar cracks (R0/Ri=1.2, a/t=0.1, a/c=0.2, δ=0 and 0.95), 
and 00/RingIAK K  for the corresponding ring crack. 
 
Fig. 22. The variation of KIA /K00 along the fronts of inner slender crescentic coplanar cracks (R0/Ri=1.2, a/t=0.2, a/c=0.2, δ=0 and 0.95), 
and 00/RingIAK K  for the corresponding ring crack. 
In all the cases here in studied the SIF for a ring crack of any given depth was found to be the upper bound to the 
SIF at the deepest point, ψ=90°, of  a lunular or crescentic surface crack occurring in an array of coplanar cracks, of 
the same depth. However, in some cases like the one for δ=0.95 in Fig. 22, the SIF of lunular or crescentic cracks in 
a coplanar crack array may become very large when two adjacent cracks become very close and the net ligament 
between the crack fronts becomes very small. This effect might suggest that under such circumstances this array of 
cracks will tend to coalesce into one ring crack during fatigue. Thus, in some cases the commonly accepted 
approach that the SIF for a ring crack of any given depth is the upper bound to the maximum SIF occurring in an 
array of coplanar cracks, of the same depth, is not universal.  
 
 
4.3.1 Ring cracks - concluding remarks 
 
Two general conclusions can be drawn from the above analysis regarding ring cracks emanating from the inner 
surface of an autofrettaged spherical vessel: 
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1. The absolute value of the stress intensity factor for ring cracks due to autofrettage increases with the 
vessel's relative thickness and decreases with crack depth. 
 
2. The commonly accepted approach that the SIF for a ring crack of any given depth is the upper bound to the 
maximum SIF occurring in an array of coplanar cracks, of the same depth, is not universal.  
 
 
5. Concluding remarks 
 
The interaction effects between cracks, in numerous configurations of radial and coplanar crack arrays consisting 
of lunular or crescentic, internal, surface cracks in spherical pressure vessel of various thicknesses were studied. The 
influence of the number of cracks in a radial crack array, and crack density in a coplanar crack array, as well as the 
effects of crack ellipticity, crack depth, and the spherical vessel's geometry on the prevailing three-dimensional SIFs 
was determined. 
 The variation of KIA/K0 along the crack fronts of lunular and crescentic coplanar cracks of a given ellipticity 
a/c, is similar to their radial counterpart. However, in coplanar crack arrays as the number of cracks increases their 
density δ increases and the relative SIF - KIA/K0 increases as well, unlike in the case of radial crack arrays where an 
increase in the number of cracks in the array results in a decrease in KIA/K0. 
The large variation of the SIF along the crack front in many of the cases herein considered might suggest that 
during fatigue crack growth these cracks might “self adjust”, creating crack geometry with a more even SIF 
distribution along its front, a well documented phenomenon occurring with radial semi-elliptical cracks in 
cylindrical pressure vessels. 
 The commonly accepted approach that the SIF for a ring crack of any given depth is the upper bound to the 
maximum SIF occurring in an array of coplanar cracks, of the same depth, is not universal, and it is valid only in 
certain particular case depending on the crack and vessel geometries. 
 In order to quantify the beneficial effect of autofrettage on the fracture endurance and the total fatigue life 
of a spherical pressure vessel one has to evaluate first the distribution of the combined stress intensity factor due to 
both pressure and autofrettage KIN=KIP+KIA, and to determine its maximum value KINmax along the crack front. The 
ratio KINmax / KIPmax determines the beneficial effect of autofrettage on the maximal allowable pressure in a spherical 
pressure vessel. Furthermore, the instantaneous reduction in crack growth rate during fatigue is also directly 
proportional to the this ratio. These analyses are presently underway by the authors and will be published in the near 
future.   
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